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FOREWORD
The concept of functionally graded materials (FGMs) introduced a class of highly
engineered structures tailored to specific properties, resulting of compositional changes in used
materials. The necessity to bring into practice new materials appears crucial with, for instance,
space vehicles: on the surface side the skin plates should have very good heat-resistance, on the
inside, however, – high mechanical qualities (e.g. toughness) were needed. The problem was
successfully solved in Japan in the mid of 1980s by manufacturing specific composite: metallic
matrix and ceramic particles with graded distribution of these particles. That solution is close
with ingenious structural systems in some plants, e.g. bamboo. After 20 years of intensive
research and practical applications, the field of FGMs is still in development and a precise
definition of that new class of materials is till now not accepted. Modeling of FGMs
is recognized as indispensable step in designing at the microstructural level to meet specific
requirements of an intended application. Many production technologies were proved to be
useful for practical adoption.
The authors of the book discuss two important topics concerning activities within the
field of FGMs. One of them is dealing with practical methods used in graded materials
technology to control the composition and microstructure. A considerable number of problems
belong to the field of FGMs manufacturing and a rich source of motivation stimulates in some
cases application of new specific fabrication techniques. The book brings condensed but
valuable information about main solidification and sintering techniques, which can be used for
appropriate manufacturing solutions.
Second part of the book gives theoretical approach to the mathematical modeling and
design of FGMs: appendixes A, B, C and D are presenting the authors’ novel research results.
The authors deserve congratulations for a very compressed but useful information source.

Stefan Wojciechowski, D.h.c., Ph.D., D.Sc.
Warsaw University of Technology
Chairman of Composite Section
Polish Academy of Sciences
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PREFACE
Functionally graded materials, their characterization, properties and production methods
are a new rapidly developing field of materials science. From the most informative and widely
acceptable opinion, functionally graded materials are characterized by gradual space changes in
their composition, structure and, as a result, in their properties. Usually, they are composites in
the common sense, but graded structures can be obtained also in traditional, monolithic
materials on the basis of a variety of microstructures formed during some kind of material
processing. These materials do not contain well distinguished boundaries or interfaces between
their different regions as in the case of conventional composite materials. Because of this, such
materials posses good chances of reducing mechanical and thermal stress concentration in many
structural elements, which can be developed for specific applications. The structure is not
simply inhomogeneous, but this inheterogeneity is usually in one direction, typical for the entire
volume of a material. The development of instruments for micro- and macrostructure design in
functionally graded materials is a challenge for modern industry. On this path, mathematical
modeling and numerical simulation are extremely helpful tools for design and investigation of
functionally graded materials, which, in fact, are typical representatives of knowledge-based
multiphase materials.
The aim of this book is to provide a comprehensive overview of the basic production
techniques for manufacturing functionally graded materials, with attention paid to the methods
for quantitative estimation of the main structure parameters and properties of these materials. A
concise description of experimental methods and type analysis of some specific structures
obtained are presented. In order to provide an easily-readable text, general mathematical models
and specific tools for management of graded structures in metal matrix composites are presented
separately in appendixes. The movement of particles during gravity and centrifugal casting is
widely discussed in Appendix A and Appendix B, respectively. Basic equations, which describe
solid particle movement in the case of Lorenz force application in graded structure production
techniques, are given in Appendix C. A comprehensive model of physical phenomena in gasar
technology can be found in Appendix D.
It is our hope that this book provides valuable information for all colleagues who
interested in the field of functionally graded structures and materials, and who need a compact
informative overview of recent experimental and theoretical activity in this area.
This book has been published as one of the results of Commissioned Research Project
PBZ/KBN/114/T08/2004 “Innovative materials and processes in foundry industry” sponsored
by the Polish Ministry of Science and Education (Task II.2.4. The study of technology of graded
metal-ceramic products by advanced casting techniques, including use of external pressure).
We would like to thank Bentham Science Publishers, particularly Director Mahmood
Alam and Manager Bushra Siddiqui for their very kind support and efforts.

Jerzy J. Sobczak
Professor
Foundry Research Institute
Krakow, Poland

Ludmil B. Drenchev
Associate Professor
Institute of Metal Science
Sofia, Bulgaria
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CHAPTER I: MAIN PRODUCTION TECHNOLOGIES
Ludmil B. Drenchev1, Jerzy Sobczak2
1

Institute of Metal Science, 67, Shipchenski Prohod Street, 1574 Sofia, Bulgaria, 2Foundry Research
Institute, 73, Zakopianska St., 30-418 Krakow,Poland
Address correspondence to: Ludmil B. Drenchev; 1Institute of Metal Science, 67, Shipchenski
Prohod Street, 1574 Sofia, Bulgaria; Telephone: +359 2 46 26 223, Fax: +359 2 46 26 300,
Email: ljudmil.d@ims.bas.bg
Abstract: This chapter deals with the concept of graded material and main
technologies for their production. The technologies for metallic graded
materials are divided into two general groups. A sequence of eighth basic
production methods is discussed in more details.

I.1 Materials of Graded Structure
The idea of Functionally Graded Materials (FGMs) was substantially
advanced in the early 1980’s in Japan, where this new material concept was
proposed to increase adhesion and minimize the thermal stresses in
metallic-ceramic composites developed for reusable rocket engines [1]. Meanwhile,
FGMs concepts have triggered world-wide research activity and are applied to
metals, ceramics and organic composites to generate improved components with
superior physical properties [2]. Depending on the application and the specific
loading conditions, varying approaches can be followed to generate the structure
gradients. Consequently, coatings have been deposited by different techniques
involving physical vapor deposition (PVD), chemical vapor deposition (CVD),
plasma spraying, arc spraying, pulsed laser deposition (PLD) or sol–gel techniques.
Today, production of graded structures can be considered as the next step in
composite materials development. Functionally graded materials are a relatively
new class of engineered materials in which the composition and/or microstructure
varies in one specific direction. They are made by a continuous change in
composition and do not possess a specific interface. Therefore, it is generally
assumed that such a structure should better resist thermal and mechanical cycling.
The application of this concept to metal matrix composites (MMCs) leads to the
development of materials/components designed with the purpose of being
selectively reinforced only in regions requiring increased modulus, strength and/or
wear resistance. The graded structure means graded properties, and the obtaining of
such structures extends to an essential degree the industrial applications of the
materials considered, and especially of MMCs.
The aims of this review are to systematize the production methods and to
generalize the principles for obtaining graded structure in MMCs. Special attention
will be paid to centrifugal casting as the most productive and controllable method,
to the application of electromagnetic field for composite structure government and
to the obtaining of a graded porous structure in gas-reinforced metal matrix
composites (gasars). Some details regarding settling in gravity and squeeze casting
Jerzy Sobczak / Ludmil Drenchev (Eds.)
All rights reserved - © 2009 Bentham Science Publishers Ltd.
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will also be discussed. Mathematical models of the most essential physical
phenomena in the five above mentioned casting methods will be presented in
applications and it will be place special emphasis will be placed upon physical and
technological instruments for structure control.
Since nonmetallic FGMs are not the focus of our consideration, only certain
aspects of their production technologies will be mentioned.
All methods for the production of MMCs can be used in a more or less
effective way for obtaining of inhomogeneous structure, but not all of them have
the potential for flexible impact on the structure obtained. It seems that centrifugal
casting and electromagnetic field utilization are the two methods for effective
control of particle distribution in MMCs. Squeeze casting is the most popular
casting technology for infiltration of molten metals into graded preforms. Special
methods are also being developed for surface deposition of structured coatings.
Generally, there are two methods of graded structure management in MMCs
production. The first one consists of preliminary preparation and/or arrangement of
composite’s components, and after this, by means of a certain melt processing
technique, obtaining a final product. Typical examples are: melt infiltration in a
graded preform, sintering of gradiently stacked powders, and consecutive mold
filling by melts of different composition. The second method is based on the
application of one or more external force fields that exert different influence on the
separate components in a liquid composite slurry. Such fields can be gravitational,
centrifugal, magnetic, electrical (at electrophoretic deposition) and electromagnetic.
Special instruments for management of porous structure in gas reinforced MMCs
(gasars) are external gas pressure and solidification velocity.
I.2.

Structure Management by Gravitational Force (Gravity and Squeeze
Casting)

Sedimentation and flotation are the basic phenomena in all technologies for
production of particle reinforced composites. As gravity is present everywhere on
earth, these phenomena cannot be avoided, but can be exploited in the preparation
of graded structures. Particles of different density and mass move differently in
liquid metals and alloys and by appropriate thermal control of die cooling, which
means control on the magnitude and direction of solidification velocity, graded
structures in MMCs can be obtained. Theoretical aspects of such processes can be
found in [3] and are discussed in Appendix A.
The influence of gravity on particles in a powder mixture is used
successfully in the so-called co-sedimentation process for preparation of specific
preforms for melt infiltration. This process is one of the most promising ways to
fabricate large-scale FGMs with smooth variations in composition and
microstructure. A kind of W-Mo-Ti FGM with density gradient has been fabricated
by a co-sedimentation method [4]. This is done by preparing the deposit body after
settling of the corresponding powders layer by layer. The pure Ti layer is settled
first, then the Ti-Mo graded layer and the Mo-W graded layer, and the pure W layer
is settled last. Green and fine metal powders of W, Mo, Ti, Ni and Cu are used, in
which Ni and Cu powder acted as sintering activators. After appropriate powders
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treatment a set of suspensions are prepared. Then the suspensions are poured
successively into a sedimentation tube. After complete particle sedimentation, the
deposit body is taken out integrally and compacted. Then the compact is sintered at
1473 K under a pressure of 30 MPa in a vacuum furnace. The structures obtained
can be seen in Fig. 1 and Fig. 2.
WMa1, 2400

MoLa1, 2500

TiKa, 2500

NiKa, 300

CuK, 180

2000mm

Fig. 1. Electron image and linear distributions of elements along the cross section of W-Mo-Ti
FGM (Ref. [4])
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Fig. 2. Electron image of Ti/Mo and Mo/W interface and element contents (wt.%) in a different
position (Ref. [4])

I.3.

Structure Management by Centrifugal Force (Centrifugal Casting)

In centrifugal casting, besides gravity, centrifugal and Coriolis forces act on
the particles, which are dispersed into the melt. In almost all cases gravity is very
small with respect to the centrifugal force and can be neglected. There are specific
conditions under which the Coriolis force can be also neglected. A mathematical
description of centrifugal casting of particle reinforced MMCs and details of its
application are given in [5,6]. Some theoretical aspects of graded structure
manufacture by centrifugal casting are analyzed in Appendix B.
Functionally graded aluminum matrix composites reinforced by SiC
particles are attractive materials for a broad range of engineering applications
whenever a superior combination of surface and bulk mechanical properties is
required. In general, these materials are developed for the production of highly wear
resistant components. This kind of mechanical part often operates in the presence of
aggressive environments. There are a great number of papers [5-14] devoted to
different aspects of centrifugal casting of particle reinforced MMCs and its potential
for production of graded structures. This method may be considered one of the most
effective techniques for production of particle reinforced FGMs.
Sequeira et al. [15, 16] apply centrifugal casting for obtaining Al-Al3Zr and
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CHAPTER II: SPECIFIC PROPERTIES CHARACTERIZATION
AND MATHEMATICAL MODELING
Ludmil B. Drenchev1, Jerzy Sobczak2
1
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Prohod Street, 1574 Sofia, Bulgaria; Telephone: +359 2 46 26 223, Fax: +359 2 46 26 300,
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Abstract: This chapter is focused on some specific
characteristics of functionally graded materials that need special
evaluation.
II.1. Properties Measurement
A great variety of particles (metallic, intermetallic, ceramic) are used as the
reinforcing phase or initial materials in the manufacture of FGMs. It is extremely
important to have a certain procedure for quantitative measurement of the complex
of geometrical characteristics of these particles. Such a procedure, developed based
on computer-aided methods, is proposed in [87].
Tribological tests of aluminum based matrix composites with functionally
graded properties are presented in [88]. SiC particulate reinforced F3S.20S
aluminum matrix composite (Duralcan) is melted and centrifugally cast in order to
obtain a gradient particle distribution. The effect of particle size on graded particle
distribution is analyzed in [89]. Friction and wear behavior of such composites
(accompanied) with concurrent corrosion processes is studied in [5, 8, 90].
Thermal conductivity at various temperatures of Al-SiCp graded composites
is studied in [42]. It is found that conductivity of Al-SiCp composites increases nonlinearly with decreasing SiC volume fraction. Cyclic thermal shock fatigue tests
were also performed.
X-ray microtomography research for evaluation of Al/SiC wetting
characteristics in centrifugally cast FGMs is presented in [7]. This study facilitates
understanding of microporosity formation and deterioration of mechanical
properties in such composites.
In order to develop a non-destructive method for investigation of
inhomogeneous microstructure of FGMs, J. Bonarski [91] successfully applies
X-ray Texture Tomography (XTT). The application of XTT is demonstrated on
examples of galvanized car body sheet steel and Si/HfN electronic composition.
The joining of FGMs based on the Al-2124/SiCp composite system to each
other using a rotary friction welding technique is described in [92].
Jerzy Sobczak / Ludmil Drenchev (Eds.)
All rights reserved - © 2009 Bentham Science Publishers Ltd.
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Theoretical Approaches for Estimation of FGMs Properties

Metal matrix composites of the type Al/SiC or Al/Al2O3 contain significant
residual stresses due to different thermal expansion coefficients type from those of
the metal and ceramic constituents. They are believed to influence the mechanical
properties of these materials to some extent, including changes in their failure
behavior. A physically based micromechanical approach is developed in [93], in
order to study the influence of residual stresses on local as well as global properties
of MMCs.
Numerical crack analysis of two-dimensional FGMs is performed in [94],
using a boundary integral equation method. Numerical examples are presented to
explore the effects of the material gradients and crack orientation on the stress
intensity factors.
A specific method for approximate solution of the heat transfer problem in
FGM with arbitrary geometry of reinforcing particles is developed in [95]. Using
this approach, the effective thermal conductivities for composites with different
inclusion geometry are calculated. It is shown that the effective thermal
conductivity depends not only on the volume fractions and the properties of
components but also on the inclusion’s geometrical parameters.
In [96] a three–dimensional model for surface cracking of graded coatings
bonded to a homogeneous substrate is elaborated. The main objective is to model
the subcritical crack growth process in the coated medium under cyclic mechanical
or thermal loading.
The creep property of functionally graded materials (ZrO2/Ni system) in
a high temperature environment is investigated theoretically in [97] by
a computational micromechanical method.
An efficient approach for theoretical investigation of the dynamic response
of cracks in FGMs under impact load is presented in [98]. Analytical solutions of
stress fields in functionally graded hollow cylinder with finite length subjected to
axissymmetric pressure loadings on its inner and outer surfaces are presented in
[99]. Numerical results for stresses in the cylinder at various of loads are presented.
The thermal fracture and its time-dependence in functionally graded yttria
stabilized zirconia - NiCoCrAlY bond thermal barrier coatings are studied in [100].
The response of three coating architectures with similar thermal resistance to laser
thermal shock tests is investigated experimentally and theoretically.
A micromechanics-based elastic model is developed in [101] for two-phase
functionally graded composites with local pair-wise particle interactions. Averaged
elastic fields are obtained for transverse shear loading and uniaxial loading in the
gradient direction.
The process of multi-particle setting in the manufacture of FGMs by
co-sedimentation is modeled in [102]. The models can be used to design powder
composition and to predict the volume fractions obtained in FGMs. As examples,
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TiC-Ni system FGMs are designed and manufactured. The predictions fit well the
actual results obtained. An experiment with Mo - Ti system FGM is also used to
validate the prediction model.
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APPENDICES
Appendix A
GRADED STRUCTURES BY SEDIMENTATION AND
FLOTATION
Sedimentation and flotation seem to be simple physical processes and it should be easy
to make use of them. To do this in a real situation one must be very familiar with the processes.
Employment of mathematical modeling and numerical simulations is extremely helpful here. A
great number of pages have been devoted to this matter [102-108]. Some basic features of these
phenomena, which are closely related to the manufacture of graded structures in particle
reinforced MMCs, will be given below.
Sedimentation and flotation in the process of MMCs preparation exist because of
gravity, and arise as a result of the density difference between particles and the metal matrix
melt. Special experiments with a water-SiC suspension will be described on the next few pages
in order to give a better understanding of particle sedimentation in MMCs synthesis. A variety
of formula to estimate the viscosity of slurries will be presented. Finally, utilization of the
phenomena will be discussed.
1.

Settling of SiC Particles in Water Suspension

In the discussed experiments, a well-mixed water-SiC suspension was poured into a
transparent cup of d=120 mm diameter. The free surface of suspension reached a height of
H=117 mm from the bottom of the cup (Fig. A1). A small quantity of suspension was taken out
by sucking probe from different points of the liquid at different moments in time. The volume
fraction of reinforcement particles in these small quantities of suspension was measured. The
nominal diameter of particles was 20 microns. Experiments were carried out with initial particle
concentration Vf (0) = 10 vol. %, 18 vol. % and 25 vol. %.

z

free surface

sucking probe

A

B
H

water-SiC
suspension

g

C
D

Fig. A1.

Schematic presentation of the Fig. A2.
experimental unit.

Dynamic of sedimentation:
A - free region; B - region of
initial distribution; C - region of
increasing distribution; D region of final concentration
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During sedimentation four regions of different particle density can be observed (Fig.
A2). The region A is particle free, and in the adjacent region B particle concentration is equal to
the initial concentration. The region D, formed at the bottom of cup, contains suspension with
final (maximal) particle density. An intermediate region C with graded concentration is also
formed. All the regions are present during the process. The width of the four zones changes with
time. The settling starts when region B occupies the whole volume, but only A and D are present
in the final state.

12

12

10

10

8

8

Vol.% SiC

Vol. % SiC

The results obtained are shown in Figs. A3-A11. Figs. A3-A5 relate to measurements of
particle volume fraction at the levels 110 mm, 92 mm and 73 mm. Here the initial concentration
of particles, Vf(0), is 10 vol. %. Figs. A6-A8 depict the results for the same levels in the case
Vf(0) = 18 vol. %. Fig. A9 and Fig. A10 show measured values of particles concentration at
levels 92 mm and 66 mm and Fig. A11 shows the movement of the upper boundary of the
particlerich zone (the dividing boundary between regions A and B in Fig. A2) as functions of
time in the case Vf(0) = 25%.
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Fig. A4. Dynamics of SiC volume fraction
at H = 92 mm. Initial
concentration
Vf(0) = 10 vol.%
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Fig. A5. Dynamics of SiC volume fraction
at H = 73 mm. Initial concentration Vf(0) = 10 vol.%
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Fig. A6. Dynamics of SiC volume fraction
at
H = 110 mm.
Initial
concentration Vf(0) = 18 vol.%

The curves in all the figures shown the dynamics of particle concentration Vf have a
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relatively slow decrease in Vf, but not as sharp as could be expected. The main reason for this is
that the particles in the suspension have different diameters. According to image analysis
results, the size distribution for used SiC particles of nominal diameter 20 μm is given in
Fig. A12. Our measurements show that approximately 20 % of the particles have diameters
greater then 22 μm, and less that 5 % have diameters smaller then 18 μm. It means that more
then 20 % of the particles will settle at a velocity greater then the nominal velocity, which is
associated with particles of the nominal diameter. On the other hand, when particles
concentration at a certain point becomes smaller then 5 %, one can consider that the
concentration is equal to zero for particles of nominal diameter.
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Fig. A9. Dynamics of SiC volume fraction Fig. A10.
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Appendix B
GRADED STRUCTURES BY CENTRIFUGAL CASTING
Centrifugal casting offers greater potential for graded structure manufacture than gravity.
The main reason for this is the higher pressure in the melt, which facilitates infiltration in a
graded preform. Another reason is that usually the centrifugal force exceeds essentially the
gravitational force, and because of this particles in composite slurry move faster than in the case
of gravity casting. Moreover, by management of rotation speed one can control the magnitude of
the centrifugal force, which means to control particle velocity in liquid composite during
solidification. The latter is impossible in gravity casting and gives an important advantage of
centrifugal casting for production of a variety of graded structures. A comprehensive
mathematical model based on equations for both particle movement and solidification in
rotating slurry, which would be capable of describing macrostructure formation in centrifugal
casting of particle reinforced MMCs will be presented and short discussion on its application to
the manufacture of graded structures will be analyzed.
1.

Theoretical Analysis

Centrifugal casting of particlereinforced MMCs involves the solidification of a
suspension of liquid metal and solid particles in a horizontally or vertically rotating mold.
Segregation of solid particles dispersed in liquid rotating slurry occurs owing to centrifugal
force. Particles are moved either to the outer or the inner part of the rotating mold because of
their density difference with the melt. The process of particle segregation evolves together with
the heat transfer process. These two processes define the changes in physical properties of the
liquid metal, but the changes influence evolution of the processes. There are different
approaches for describing the physical interactions which take place in this complex of
phenomena characterizing centrifugal casting of particle-reinforced composites. Almost all
models existing at present are one-dimensional, for simplicity because and of the fact that
centrifugal acceleration is much greater than gravity. In real conditions, the two-dimensional
heat transfer affects particle distribution.
Fluid Equilibrium in a Field of Conservative Forces
Let us consider a fluid in a cup rotated with constant angular rotational velocity . In this
case the fluid will be in equilibrium in a gravity field. This means that the fluid does not move
with respect to the cup in spite of rotation. At each point in the liquid, field of mass force E is
applied, E= (Ex, Ey, Ez). For an arbitrary volume V, Fig. B1, with surrounding surface S and
normal vector n on S, because of equilibrium, the following equation is valid:

  Ed v =  p n d s

V

S

Jerzy Sobczak / Ludmil Drenchev (Eds.)
All rights reserved - © 2009 Bentham Science Publishers Ltd.

(B1)

42

Metal Based Functionally Graded Materials

Sobczak and Drenchev

z


n

g
r
V

S

y

x

Fig. B1. Arbitrary volume of liquid in a rotating cup

Here  and p are density and pressure at point with radius-vector r. The left integral expresses
the effective mass force distributed in the whole volume V, and the right integral gives the
pressure resulting force. Applying the Gauss-Ostrogradski theorem

 pn d s =  grad p d v
S

V

(B2)

and making substitution, (B1) can be written as:

 (grad p  E)d v = 0

V

(B3)

The last equation is valid for every arbitrary fluid volume V. This means that the
function in brackets has to be zero at each point of the fluid, i.e.

grade p = E

(B4)

According to this equation, the force’s components are:
, Ex =

1 p
1 p
1 p
, Ey =
, Ez =
 x
 y
 z

Let us assume that the density depends only on pressure and define P as function of pressure as
follows:

(

)

P x, y, z = 

1
dp+ const


(B5)

It is evident that for mass force E, E = grad P is valid. Whatever the function P, grad P
satisfies rot grad P  0. Therefore
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rot E = rot grad P  0
(B6)
This equation expresses the fact that fluid equilibrium is possible only in mass force
fields for which rot E = 0. Such fields are called conservative.
The fact that E is conservative force allows the introduction of a potential function U by
relation:
U
U
U
E = – grad U, i.e. E x = 
, Ey = 
, Ez = 
(B7)
y
x
z
An example of a conservative field is the gravity field. Let us consider that the z-axis of
Cartesian coordinate system is directed upward and that acceleration due to gravity is a constant.
In this case the field of gravity force can be defined as follows: EG x = 0, EG y = 0 and EG z = –
g. Using the above equation we have
UG = g z + const

(B8)

If  = const, applying (B4), the following relation can be obtained:
p = –  UG + const = –  g z + const

(B9)

In the case of constant angular velocity , the field of mass force has two components:
gravity and rotational. If z axis is directed upward, the gravity mass force EG = (EG x , EG y , EG z )
and its potential UG remain as above. As is known, the acceleration on steady rotation is equal to
the product of 2 and the distance between the axis of rotation and the considered point. For this
reason, the rotational component of the mass force will be
ER = (2x, 2y, 2z)

and
UR = -

1 2 2
 (x + y2 + z2 ) + const
2

(B10)
(ER = - grad UR )

For the case shown in Fig. B2, UR = -

1
2

(B11)

2 (x2 + y2 ) + const and the potential for the

resulting mass force E = EG + ER will be the superposition of the two: U = UG + UR . For this
reason the following formulae are valid
U=-

1 2 2
 (x + y2 ) + g z + const ,
2
E = - grad U

(B12)
(B13)

and
p=

 2 2
 (x + y2 ) -  g z + const
2

(B14)
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Appendix C
LORENTZ FORCE IN LIQUID MEDIA
The force fL which acts on a moving electrical charge q in magnetic field B is called the
Lorentz force and is expressed as follows:
(C1)

fL = qvB

where v is the velocity of the moving charge. The current in a conductor is the sum of the
movements of all electrical charges that exist into the conductor, and here the force which acts
on this conductor placed in the magnetic field will be a sum of the Lorentz forces acting on each
charge. According to Ampere’s low the force fA that acts on a unit current element j in magnetic
field is
(C2)

fA = kjB
where k is a coefficient. Very often the force fA is also called the Lorentz force.

Let us consider a liquid in which the electrical current density is j (Fig. C1), and which is
displaced in magnetic field. The Lorentz force which acts on each unit volume in this liquid is
defined by the relation
(C3)

fL = jB
Z

Z0
B

fL

j

fG

X
0

Fig. C1.

A vessel with liquid in which Lorentz force is applied

The last determines a field of Lorentz force at each point in the liquid. Formally, this
field is similar to gravity field or centrifugal field. The direction of Lorenz force can be
controlled by the direction of j and/or B and the combined effect of its simultaneous action with
gravity, fG, in many cases looks like the “elimination” of gravity. For example, if the direction
Jerzy Sobczak / Ludmil Drenchev (Eds.)
All rights reserved - © 2009 Bentham Science Publishers Ltd.
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of Lorentz force is opposite to the gravity (Fig. C1) resulting force the applied at each point in
the liquid will reduce the gravity or will even change its direction:
| fL| < |fG| - “reduction” of gravity;
| fL| = |fG| - “elimination” of gravity;
| fL| > |fG| - “change” of gravity direction.
Of course, the Lorentz force does not really affect gravity. These two forces exist
together and act simultaneously. The combined effect when their sum is zero does not means
that gravity is actually eliminated.
Let us consider single particle in a liquid and Lorentz force acting on the liquid (Fig.
C1). Three different forces will be applied to the particle. The first is the buoyancy force
(Archimedes force), which appears due to gravity and the difference in density of particle and
liquid. For spheroidal particle this force is expressed as follows:

FB =

 d3
2  1 g
6

(

)

(C4)

where 1 is density of the liquid, 2 is the particle density and d is the diameter of the particle.
The second one is the drag (Stokes’) force. This force is directed opposite to the velocity of the
particle and it results from friction between the particle and the liquid. There are different
formulae to define drag force. In the case of low particle velocity can be used
FD = - 3  μ d v

(C5)

Here μ is the viscosity of the liquid and v is the particle velocity.
The Lorentz force acts in different magnitude on the liquid and particles by reason of the
different electrical conductivity of these two materials. As a result, a specific buoyancy force
(similar to the Archimedes force) appears and causes particle movement up or down depending
on the magnetic field direction. This force can be expressed by relation:
FL = ±

3 1   2  d 3
|jB|
2 2 1 +  2 6

(C6)

Here 1is the electrical conductivity of the liquid and 2 is the electrical conductivity of
the particle.
Single particle movement in a liquid under Lorentz force is defined by the sum of above
three expressions, i.e.

 d3
d2z
 d3
3 1   2  d 3
1 2 = FB + FD + FL =
(2 - 1) g – 3  μ d v ±
|jB|
6
6
2 2 1 +  2 6
dt
The initial conditions for (C7) can be defined as follows:

(C7)
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z(0) = z0

( )=0

dz 0

(C8)

dt

The solution of the problem (C7,C8) defines completely the movement of a single
particle in a liquid under a Lorentz force (Fig. C1). This is also valid in case of particle that does
not conduct electricity, which means 2=0.
In the case of multiparticle movement (sedimentation or flotation) the viscosity of
suspension is not equal to the viscosity of the liquid and must be modified as is discussed in [3].
The formation of a particle-rich region on the basis of the problem (C7,C8) can be described
using numerical procedure described in detail in [3, 6].
The Lorentz force is used in many industrial applications. One of them is the removal of
solid alumina from aluminum melts. The density of alumina is close to the density of liquid Al
and because of this there is no sedimentation or flotation and it is difficult to purify the melts. If
Lorentz force is applied to the melt, a buoyant force starts acting on the alumina particles
according to (C6), and the particles float upward. It is easy a melt by removing solid particles
after flotation.
Another very important application of Lorentz force is in the production to purify of
graded structure in particle-reinforced composites. By means of current density and magnetic
field (manipulating their direction and magnitude) a great variety of FGMs can be produced.
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Appendix D
A COMPLEX MODEL OF GASAR STRUCTURE FORMATION
Physical processes that govern gasar structure formation include: heat transfer, gas
diffusion in melt and solid, gas phase nucleation, and pore evolution. Heat transfer in the ingot
(liquid and solid part) defines the solidification velocity, which in turn determinates gas
concentration on the solid/liquid interface. This velocity is a component that also determinates
the roughness of the interface. Greater roughness means more sites for gas phase nucleation.
Gas diffusion in the liquid metal defines gas concentration ahead of the solidification front. Gas
flux from the melt into the pores and their size are directly conditioned by gas concentration in
the melt. Pore size and pore density (number of pores per unit area in a transversal cross section)
depends on nuclei size, which is a function of surface tension lg, and the number of nucleation
sites also depends on quantity of impurity in the melt. All these processes are interconnected and
determinate final structure in a complicated way.
1.

Heat Transfer

We consider finite 3-D control volume that solidifies because of cooling from the bottom
(open mold casting method). A gas mixture of argon and active gas (hydrogen or nitrogen) is
above the melt. A cartesian coordinate system is defined as shown in Fig. D1. The temperature
distribution, T=T(x,y,z,t), in the solid and liquid sections is obtained as the solution of the
following problem:
z

Z0

ambient gas
mixture
melt free
surface

gas saturated
melt

y
solid/liquid
porous
solid interface

Y0
porous solid

0

X0

x

Cooling direction

Fig. D1.

Schematic representation of the control volume
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T

T

T

T
=
(ë
)+
(ë
) +
(ë
)
t
x
x
y
y
z
z
t>0, x(0,X0), y( 0,Y0), z( 0,Z0)

where Ceff =  (c + Leff

(D1)

 fL
). Here =(x,y,z,T), c=c(x,y,z,T) and =(x,y,z,T) are the density,
 T

specific heat and thermal conductivity, respectively. Leff is the latent heat, and fL = fL(T) is the
relative liquid fraction in the two-phase (mushy) zone.
In many systems, especially when undercooling is small, the solid fraction may be
assumed to be dependent on temperature only. It is assumed that Leff is linear function between
liquidus TL and solidus TS temperatures, and the derivative can be expressed as:
0

 1
 fL
=
 T
TL -TS
0

for T < TS
for TS  T  TL

(D2)

for T > TL

The initial and boundary conditions are:
T(x,y,z,0) = T0(x,y,z),

x(0,X0), y(0,Y0), z(0,Z0)

(D3)

T(0,y,z,t) T(X0,y,z,t)
=
= 0,
x
x

t>0,

y(0,Y0), z(0,Z0)

(D4)

T(x,0,z,t) T(x,Y0,z,t)
=
= 0,
y
y

t>0,

x(0,X0), z(0,Z0)

(D5)



T(x,y,0,t)
=  1(T (x, y,0,t)  Tb ) ,
z

t>0,

x(0,X0), y(0,Y0)

(D6)



T(x,y,Z0,t)
=  2(T (x, y, Z 0,t)  TC ) ,
z

t>0,

x(0,X0), y(0,Y0)

(D7)

where 1 is the heat exchange coefficient between the ingot bottom and the mold, 2 is heat
exchange coefficient on the melts free surface, and Tc is gas temperature above the melt.
In the case of eutectic composition TL = TS = Tcr . In order to ensure numerical stability
in solving (D1), it is considered that phase transformation takes place within a narrow
temperature range assumed:
TL = Tcr +1 and TS = Tcr – 1

Appendix D

2.

Metal Based Functionally Graded Materials

59

Gas Diffusion

Gas diffusion in the melt occurs because of the non-uniform gas distribution formed
during solidification and pore growth. Here only gas diffusion in liquid metal is considered and
the 3-D diffusion problem is solved.
The dynamic of gas concentration in liquid C=C(x,y,z,t) are determined by solving of
the diffusion equation:
C
 2C  2C  2C
= D(
+
+
),
t
x 2 y 2 z 2

t > 0, x  (0, X ), y  (0, Y ), z  (Z , Z )
0
0
S/L 0

(D8)

with initial condition
C(x,y,z,0) = C0

where C0 =  (T ) PH

(D9)

and boundary conditions
C( 0,y,z,t) C(X 0 ,y,z,t)
=
=0
x
x

(D10)

C(x,0 ,z,t) C(x,Y0 ,z,t)
=
=0
y
y

(D11)

C(x,y,Z0,t) = C0

(D12)

C(x,y,ZS/L,t) = Cb for (x,y) on pore/melt interface, where Cb =  (T ) Pb

(D13)

D

C ( x, y, Z S / L , t )
= C ( x, y, Z S / L , t )  (1  k )  cr for (x,y) on solid/melt interface
z

(D14)

In the equations above ZS/L is the coordinate of the solidification front, PH is partial
pressure of active gas above the melt, k is distribution coefficient for the metal-gas system
considered, and cr is solidification velocity. Pb is the pressure in the bubble, which is defined as
follow:
Pb = PH + PAr + P + Pg

(D15)

Here PAr is the argon partial pressure in the gas mixture above the melt, Pg is the hydrostatic
pressure on the solid/melt interface and P is an extra pressure due to the curvature of gas/melt
interface and can be expressed as follows:
P =

2 gl cos(W   C )
rg

(D16)
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